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General Considerations
• Problems involving ordinary differential equations can always be reduced to 

sets of first order differential equations-Press[1986].
• For example

can be reformed by taking

and substituting it into the second order equation

• The solution of ordinary differential equations is just the solution to N 
coupled first order differential equations where the f' notes that these 
functions are derivatives of the y's.
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Boundary Conditions
• For initial value problems all the yi are given at some starting value xs, and 

we want to find the yi
' at some final point xf.

• For two-point boundary value problems boundary conditions are specified at 
more than one x (frequently xs and xf).

• Initial value problems are by setting dy's and dx's to ∆y and ∆x and 
multiplying to equations by ∆x.

• This give algebraic equations for the change in functions when the 
independent variable is stepped by ∆x.

• Intuitively the solution comes in the limit of making the step size very small. 
This is called Euler's method but it isn't of much practical use.



Runge-Kutta Methods
• Runge-Kutta methods are the workhorses of solving ordinary differential 

equations on the computer. In particular they are widely used to solve the 
problem we want to tackle – the motion of charged particles in electric and 
magnetic fields. 

• Runge-Kutta methods propagate a solution over an interval by combining 
several Euler type steps and then match a Taylor series expansion up to 
some order. 

• While not the fastest method on the computer Runge-Kutta routines almost 
always find the solutions. 

• Note predictor-corrector methods which save  solutions and then use them 
to extrapolate the solution to the next step work for smooth functions. 



Runge-Kutta Methods 2

• The Euler method is given by
– The Euler method advances the solution through an interval h but only uses the 

derivative at the beginning of the interval. 
– It is very inaccurate. 

• Suppose you use an Euler method to go just half way through the interval. 
Then use the values of both x and y to compute the actual value for the 
step.  

• This is a second order Runge-Kutta scheme. 
• Repeating this we can eliminate error terms of increasingly higher order. 
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Runge-Kutta Methods 3
• The most common method is the fourth order Runge-Kutta method.

• Te fourth-order Runge-Kutta requires  four evaluations of f' per step.  This is 
a net gain if twice as large of a step can be taken for the same accuracy. 
This usually true but not always. Similarly you rarely gain with higher order 
approaches. 
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Adaptive Runge-Kutta Methods
• Most Runge-Kutta methods use adaptive stepsize control. 
• A common method is to monitor the truncation error and adjust the stepsize

to keep it at the desired accuracy. 
• With fourth order Runge-Kutta the most common method is step doubling.
• Denote the exact solution for an advance from x to x+2h- one by y(x+2h) 

and two numerical solutions by y1 (advance in one step of 2h) and y2 
(advance in two steps of h).

• To order h5 the value of φ remains constant over the step. The coefficient of 
the first solution is (2h)5 while that of the second is 2h5.

• The truncation error is ∆=y2-y1..

• To keep this a given value  note that if a step h1 gives an error ∆1 then the 
step h0 that would have given some other value ∆0 is 
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Introduction to Large Scale Kinetic Models
• Present day technology does not allow us to model the global 

magnetosphere with either a hybrid code or a particle in a cell (PIC-the 
subject of the next lecture) code.

• MHD does not include all of the physics thought to influence 
magnetospheric plasmas. 

• Frequently we can learn a lot about magnetospheric plasmas by carrying 
out test particle calculations. In a test particle calculation we solve the 
equation of motion of a charge particle in electric (E) and magnetic field (B) 
models.

• The fourth order Runge-Kutta method has been very successfully used to 
integrate particle trajectories.  
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Introduction to Large Scale Kinetic Models 2
• In large scale kinetic simulations we follow the trajectories of a large number 

of charged particles (frequently millions) in the time dependent electric and 
magnetic fields from global MHD simulations of the magnetosphere.

• In these calculations we launch a large number of particles (usually ions) 
from a given source. 

– For instance to study the population of the magnetosphere from the solar wind 
we might launch the particles from solar wind boundary of the MHD simulation 
and follow their trajectories forward in time until they enter the magnetosphere 
(or miss it completely).

– The distribution of particles in the launch frequently is determined by actual 
observations.

– In another problem we might want to know the source of particles observed 
within the magnetosphere. 

– Then we would launch the observed particle distribution function backwards in 
time to find their source (or sources).



Virtual Detectors
• Assume that we want to study the population of the magnetotail. 

• After we run an MHD simulation to obtain the electric and magnetic fields 
we launch a distribution of solar wind particles and ask which particles enter 
the tail.

• By appropriate choice of the launch a large number of particles will enter the 
magnetosphere (usually because of magnetic reconnection).

• It is impractical to retain the trajectory of each particle as each point in 
space. Instead we place a number of "virtual detectors" throughout the tail. 

– The detectors can be either spherical or planar.
– The particle positions and velocities are accumulated for future analysis at each 

virtual detector.
– Only the information at the location of the virtual detector is retained.



Virtual Detectors - 2
• Assume that N0 particles are launched at t0=0 and that the particle 

distributions are shifted Maxwellian's. 
– Then the particle source can be modeled as Ν0δ(τ−τ0).

• The response function, P, for a physical parameter p at a given virtual 
detector is a Green's function (Gp(r0,t0,t)). 

– Assuming homogeniety in time, Gp(r0,t0,t)=Gp(r0,t-t0) and

for any time dependent source S(t).
– If the source is stationary

– This corresponds to accumulation of detector responses starting from the time 
when the first particle crossed the detector up to the moment of the last 
crossing. 
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Spatial Resolution
• The spatial regions of the magnetosphere vary greatly in size. The spatial 

resolution of the virtual detectors must reflect the scale sizes of these 
regions.

• For example suppose we wish to model jetting in the plasma sheet
boundary layer (PSBL) we need to be able to resolve features on scales 
sizes (D) of D~1RE.

– The interval over which numerical data are spatialy averaged, d, should be much 
smaller than this value. We can reproduce the global patter with D>>d.

– However intermediate spatial scales, ∆, related to filamentary structure in the 
PSBL that the binning δ must satisfy  D>d>∆>δ.

• Whether we can resolve structures depends on the number of particles per 
bin. 



Uncertainties
• For a Poisson distribution the standard deviation goes as       . If the 

bins are too small we will not have a statistically significant number of 
particles enter the virtual detectors. 

• The limitations on moments of the distribution function are not as severe as 
those on the actual distribution functions. To resolve f(vx,vy,vz) we must 
count the particles in each phase space element dvx, dvy,dvz.

• To get acceptable resolution in phase space we usually have to average 
over one or more dimensions. 

• For a x-detector to have statistically reliable measurement of the flux N(vx) 
the number of particles ∆N crossing the detector should be large

• Near vx=0 very few particles give very large differential fluxes 
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